Abstract-Recent work on complex networks compared the topological and electrical structures of the power grid, taking into account the underlying physical laws that govern the electrical connectivity between various components in the network. A distance metric, namely, resistance distance was introduced to provide a more comprehensive description of interconnections in power systems compared with the topological structure, which is based only on geographic connections between network components. Motivated by these studies, in this paper we revisit the phasor measurement unit (PMU) placement problem by deriving the connectivity matrix of the network using resistance distances between buses in the grid, and use it in the integer program formulations for several standard IEEE bus systems. The main result of this paper is rather discouraging: more number of PMUs are required, compared with those obtained using the topological structure, to meet the desired objective of complete network observability without zero injection measurements. However, in light of recent advances in the electrical structure of the grid, our study provides a more realistic perspective of PMU placement in power systems. By further exploring the connectivity matrix derived using the electrical structure, we devise a procedure to solve the placement problem without resorting to linear programming.
I. INTRODUCTION
The phasor measurement unit (PMU) is a critical component of today's energy management systems, designed to enable near-realtime wide area monitoring and control of the electric power system. Synchrophasor data are used for applications varying from state estimation, islanding control, identifying outages, voltage stability detection and correction, disturbance recording, etc. An operational feature of the PMU is to record not only the voltage magnitude and phase angles at the bus where it is installed, but also the current phasor of all lines incident on that bus. This results in a highly correlated set of measurements at each PMU, leading to the following question: given the redundancy in phasor measurements, what is the minimum (or optimal) number of PMUs to be placed in the power network so as to make the system measurement model observable, and thereby linear? This is commonly referred to as the PMU placement problem, and is well reported in the literature (see [1] - [12] ).
A. Literature review
Typically, the PMU placement problem is cast in the mathematical programming framework, and various strategies have been investigated to obtain the optimal number of PMUs to satisfy the desired optimization criterion. The most commonly employed criteria are complete and incomplete network observability [4] , with and without zero power injection measurements. For instance, in [1] , the placement was provided by a spanning measurement subgraph, and the minimal PMU set was obtained using a dual search algorithm incorporating modified bisecting simulated-annealingbased searches for complete network observability. In [2] , a Pareto-optimal solution was obtained for PMU placement using non-dominated sorting genetic algorithm. However, in the presence of power injection measurements, the proposed integer program turned out to be nonlinear. In [3] , the problem was formulated as an integer program to include conventional power flow and injection measurements in addition to PMU measurements for maximum network observability. In [5] , the objective was to achieve bad data detection during state estimation using optimal PMU placement. In [6] , [7] , optimal PMU locations were obtained by formulating the problem as an integer linear program for complete and incomplete network observability, with and without conventional power flow and injection measurements.
In [8] , optimal PMU placement was linked with power system dynamic state estimation. A method for evaluating a specific PMU placement, when there are multiple placement solutions, was also proposed. A computationally efficient distributed algorithm using affinity propagation framework to solve the integer linear program was proposed in [9] ; within this framework, communications between nodes in the grid was utilized to also perform error correction for PMUs that suffered from measurement errors. In [10] , the integer linear program was solved using an exhaustive search-based method with complete network observability, and the state estimation implemented on such a placement was shown to be linear. A convex relaxation method was employed in [11] to optimize the PMU placement based on estimation-theoretic criteria, where state estimation is accomplished under the Bayesian framework. However, studies in the above references are based on the topological structure or node connectivity (degree) of the power network. electric power grid, it was reported that grids in different geographical regions had different degree distributions, leading to varied topological structures. Furthermore, it was also shown that different model based analyses of the same power grid had resulted in different topological structures. The reason for this discrepancy is that topological structures are solely based on geographic separation and neglect the underlying physical laws (Ohm's and Kirchoff's) that govern the electrical connections or flows between network components. These issues were illuminated in [17] (see Section I and references therein), where the topological and electrical structures of the electric grid were compared and analyzed. The work in [17] showed how the power grid differed from the commonly employed complex networks used to model the structure of the grid, namely, random graphs [18] , small-world networks [19] and preferential attachment graphs [20] . To study the electrical structure, [17] (see also [21] ) introduced the electrical centrality measure to characterize the connectivity or betweenness of nodes in the power network. A distance metric, namely, resistance distance was introduced to provide a more comprehensive description of interconnections between components compared with the topological structure, which is based only on degree distributions or direct physical connections.
C. Electrical structure-based PMU placement
On the one hand, we have a significant problem of PMU placement whose solution is based on the structure of the power grid, while on the other hand, there are results in the area of complex networks which promote the electrical structure of the power network, over its topological structure. Therefore, a natural question that arises is the following: what implications do the electrical structure have on PMU placement in the power grid? We investigate this question in this paper.
The first step in this direction is to derive the connectivity or adjacency matrix -used in the the PMU placement problem formulation -using resistance distances rather than direct physical connections between buses in the power grid. Next, we formulate integer programs in this manner for several standard IEEE test bus systems, without conventional measurements and for complete network observability. The main result of our work is rather discouraging: more number of PMUs, compared with those obtained using the topological structure, are required to meet the objective of complete network observability. However, in light of the recent advances in the electrical structure of the grid, the results presented in this paper provide a more realistic perspective of PMU placement in power systems. We introduce the notion of average resistance distance and use it in conjunction with the graph of the connectivity matrix, obtained using the electrical structure, to devise a strategy for solving the PMU placement problem without resorting to integer linear programming. To the best of the author's knowledge, this is the first instance of the PMU placement problem being addressed from the perspective of the electrical structure of the power network.
The remainder of the paper is organized as follows. In Section II, we review some details of the electrical structure of the power grid, and build the necessary framework to be used in the rest of the paper. In Section III, we formulate the PMU placement problem based on the electrical structure, and tabulate the main results of the paper. Further insights into the placement problem are provided in Section IV. We conclude the paper in Section V.
II. ELECTRICAL STRUCTURE OF THE POWER NETWORK:
A REVIEW
In this section, we review the electrical structure of the power network. The concept of resistance distance is introduced, and the procedure to derive the binary connectivity matrix of a given power grid is presented. The exposition follows directly from [17, Section III], and is presented here for sake of completeness and clarity.
The sensitivity between power injections and nodal phase angles differences can be utilized to characterize the electrical influence between network components. The electrical structure of the power network can then be understood by measuring the amount of electrical influence that one component has on another in the network. The measurement of this electrical influence necessitates a metric system. Mathematically, this can be accomplished by first deriving the sensitivity matrix, which can be obtained by standard methods. The complement of the sensitivity matrix is called the distance matrix, whose entries quantify the electrical influence that each component has on the other -zero value indicates that two components are perfectly connected, while a large number indicates that the corresponding components have negligible electrical influence on each other. This electrical distance was proved to be a formal distance metric, and was employed to address various problems in power systems.
Another method to measure the electrical influence between network components is to derive the resistance distance [22] , which is the effective resistance between points in a network of resistors. Consider a network with N nodes, described by the conductance matrix G. Let V j and g ij denote the voltage magnitude at node j and the conductance between nodes i and j, respectively. The current injection at node i is then given by
(1)
G acts as a Laplacian matrix to the network, provided there are no connections to the ground, i.e., if G has rank N − 1.
The singularity of G can be overcome by letting a node r have V r = 0. The conductance matrix associated with the remaining N − 1 nodes is full-rank, and thus we have
Let the diagonal elements of G −1
kk , ∀k, indicating the change in voltage due to current injection at node k which is grounded at node r. The voltage difference between a pair of nodes (i, j), i = j = r, is computed as follows:
indicating the change in voltage due to injection of 1 Ampere of current at node i which is withdrawn at node j. e(i, j) is called the resistance distance between nodes i and j, and describes the sensitivity between current injections and voltage differences. In matrix form, letting
The resistance distance matrix E, thus defined, possesses the properties of a metric space [22] . To derive the sensitivities between power injections and phase angles, we start with the upper triangular part of the Jacobian matrix obtained from the power flow analysis, for the distance matrix to be real-valued:
The matrix ∂P ∂θ will be used to form the distance matrix, by assuming the voltages at the nodes to be held constant, i.e., |V | = 0. It was observed that ∂P ∂θ possesses most of the properties of a Laplacian matrix. By letting G = ∂P ∂θ , the resulting distance matrix E measures the incremental change in phase angle difference between two nodes i and j, (θ i −θ j ), given an incremental average power transaction between those nodes, assuming the voltage magnitudes are held constant. It was proved in [17, Appendix] that E, thus defined, satisfies the properties of a distance matrix, as long as all series branch reactance are nonnegative.
For a power grid with N buses, the distance matrix E translates into an undirected graph with N (N − 1) weighted branches. In order to compare the grid with an undirected network without weights, one has to retain the N buses, but replace the M branches with M smallest entries in the upper or lower triangular part of E. This results in a graph of size {N, M } with edges representing electrical connectivity rather than direct physical connections. The adjacency matrix B of this graph is obtained by setting a threshold, τ , adjusted to produce exactly M branches in the network:
In this paper, we will derive the binary connectivity matrix B for several standard IEEE test bus systems, for use in the PMU placement problem.
III. PMU PLACEMENT AND MAIN RESULTS
In this section, we revisit the PMU placement problem with two different perspectives, one based on the topological structure of the power network and the other based on the electrical structure. In both cases, the problem is formulated as an integer linear program with one inequality constraint.
Given a power network with N buses and M branches, we only consider complete network observability without conventional measurements. We let A denote the binary connectivity matrix of dimensions N ×N , x with dimensions N ×1 denote the binary decision variable vector defined as follows:
where i = 1, . . . , N , and b is a unit vector of dimensions N × 1. The PMU placement problem is formulated as follows:
A. PMU placement based on topological structure
For the case based on the topological structure of the power network, we consider the existing approach of deriving the binary connectivity matrix directly from the bus admittance matrix. The entries of the bus admittance matrix are transformed into binary form, and used in the problem setup (10) . The entries of A are given by A :
, if i and j are connected, a ij = 0, if i and j are not connected.
The entries a ij of A characterize the direct physical or geographic separation between the network components, without taking into account the electrical properties of these connections.
B. PMU placement based on electrical structure
For the electrical structure-based PMU placement, the binary connectivity matrix is derived as discussed in Section II, i.e., A = B (as defined in (8)), and this will be used in the formulation (10) . As discussed in Section II, the entries b ij of B are obtained taking into account the physical laws that govern the electrical properties of the network connections.
C. Experiments and results
We now present the experimental setup and the main results of this paper. The goal was to obtain the minimum number of PMUs by solving the placement problem based on both the topological and electrical structures of the power network, for several standard IEEE test bus systems. The criterion for the optimization problem was to achieve complete network observability, without conventional measurements. The bus and branch data, required to derive the bus admittance and power-flow Jacobian matrices, were obtained using MAT-POWER [23] and archived resources [24] . The binary integer programming tool of Matlab was used to solve the problem defined by (10) . In Table I , we tabulate the main results of this paper. As shown in Table I , for each test bus system, the minimum number of PMUs obtained using the electrical structure is more than that obtained using the topological structure of the network, to meet the objective of complete network observability without zero injection measurements.
IEEE bus system
Topological structure Electrical structure 9  3  4  14  4  7  30  10  17  39  13  22  57  17  35  118  32  93  162  43  125   TABLE I  MINIMUM NUMBER OF PMUS BASED ON TOPOLOGICAL AND ELECTRICAL  STRUCTURES FOR IEEE TEST BUS SYSTEMS IV. DISCUSSION
In this section, we provide further insights into the placement problem. Interestingly, we identify an avenue to obtain the minimum number of PMUs without formulating an integer program (as in (10)). This also leads to a better understanding of the optimal "location" of PMUs. Towards this end, we introduce the notion of average resistance distance and use it in conjunction with the graph of the connectivity matrix B. Lastly, in Section IV-C, we comment on the analysis presented in [12] , which addressed the PMU placement problem in an information-theoretic setting.
A. Average resistance distance
The connectivity matrix B, defined by (8), reveals interesting insights into the minimum number of PMUs and their location in the power grid. The entries of B can be used to define a measure of average resistance distance of each bus to other buses in the system:
We define a vector λ = [λ 1 , . . . , λ N ]. Let λ min = min(λ). We claim that, if λ i > λ min , a PMU need not be placed at the location of the i th bus. This claim is justified by the fact that, since λ i quantifies the amount of average electrical connectivity between the i th and other buses in the network, the higher the value of λ i lower is the necessity to place a PMU on that bus. We now reinforce this argument by conducting simulations.
From the connectivity matrix B defined by (8) for the IEEE 9−bus system, and following (12), we can plot λ i for each bus i = 1, . . . , 9 as shown in Fig. 1 . We also plot the optimal binary decision variable vector x, obtained by solving (10) for the 9− system. We notice that, x i = 1 (i.e., PMU to be installed) only when λ i = λ min ; for all other values of λ i , x i = 0 (i.e., no PMU). Furthermore, we can also infer the locations of the PMUs; they are to be installed on buses numbered 1, 2, 5 and 9. However, there exists a discrepancy: x 1 = 1 though λ 1 > λ min . This can be resolved by plotting the graph corresponding to the adjacency matrix B, which we next describe.
B. Graphical structure of the adjacency matrix B
The adjacency matrix can be visualized in terms of a graph, which can be used to further understand the PMU placement problem. We plot the graph corresponding to the adjacency matrix B for the IEEE 9−bus system in Fig. 2 . The points which are not connected in the graph correspond to buses with very low electrical connectivity to remaining buses in the network, which suggests that a PMU must be installed at these buses, while a single PMU is sufficient for the fully-connected subgraph of B to ensure complete network observability. Therefore, from Fig. 2 , we infer that the total number of PMUs required for the 9−bus system is 3 + 1 = 4, where 3 corresponds to disconnected points, while 1 corresponds to the fully-connected subgraph. This discussion answers the ambiguity encountered in the previous subsection, i.e., if the fully-connected subgraph shown in Fig. 2 corresponds to the point at which λ i > λ min in Fig. 1 , then a PMU can be installed at any one of the points of this fully-connected subgraph. Without loss of generality, we can install a PMU at bus numbered 1 where we have λ 1 > λ min .
Similar behavior was also noticed for the IEEE 14−bus system, for which we present the average resistance distance and graph of the connectivity matrix in Fig. 3 and Fig. 4 , respectively. We see that the minimum required number of PMUs is 7, and these PMUs must be placed at locations corresponding to the buses numbered 1, 3, 8, 11, 12, 13 and 14. Buses numbered i = 3, 8, 11, 12, 13, 14 have λ i = λ min , and correspond to disconnected points in the graph of matrix B. Whereas, the PMU placed at bus numbered 1 has λ 1 > λ min and corresponds to the fully-connected subgraph of B.
The minimum number of PMUs obtained using the average resistance distance and the graph of the adjacency matrix is in agreement with that obtained by solving (10), with A = B (see Table I ). In the Appendix A, we show the plots for IEEE 30−bus and 57−bus systems. The plots for IEEE 118−bus and 162−bus systems are very dense, and are not shown here.
Interestingly, as claimed earlier, so far in this section we have addressed the PMU placement problem dealing only with the entries and the graph of matrix B, without invoking the integer linear program (10) . This opens up the possibility of solving the placement problem without resorting to computationally intensive mathematical programming. These developments lead us to the following simple steps to obtain the minimum number of PMUs and address their location problem:
1) Derive the binary connectivity matrix, B, using the electrical structure of the given bus network. 2) From the graph of B, identify the fully-connected subgraph and the remaining disconnected points.
3) The minimum required number of PMUs = the number of disconnected points + 1 (for the fully-connected subgraph). 4) Given B, compute the average resistance distance (λ i ) and the minimum average resistance distance (λ min ) using (12), for i = 1, . . . , N . 5) Install a PMU by default at bus 1. The remaining PMUs are installed at locations where λ i = λ min . The preceding discussion also suggests an intriguing connection between the average resistance distance and the graphical structure of the connectivity matrix, which is an open problem relegated to future work.
Next, we plot the average topological distance and the graph of the connectivity matrix for the topological structure of IEEE 9−bus system, in Fig. 5 and Fig. 6 , respectively. The average topological distance is given by
where a ij 's are specified by (11) . The discussions presented for the electrical structure do not hold for the topological structure of the power network. The plot involving the average topological distance does not reveal information pertinent to the location of the PMUs. Also, the graph representing the adjacency matrix A is not informative to evaluate the number of PMUs required for the bus network. Therefore, in the absence of zero injection measurements, the PMU placement problem based on the topological structure turns out to be a simple dominating set problem. [12] Highlighting the drawbacks of the topological observability criterion employed in conventional approaches, [12] proposed the use of an information-theoretic measure, namely, mutual information (MI) [25] to address the PMU placement problem. The goal was to maximize the MI between PMU measurements and power system states to obtain highly "informative" PMU configurations. In the context of power systems, the "information gain" referred to the reduction in uncertainty of the power system states given the PMU measurements; the measurement set can also include zero power injections.
C. Comments on
More precisely, let θ, x PMU and x conv denote vectors of voltage phasor angles at the buses, PMU measurements and conventional measurements, respectively. For a given PMU configuration S and x conv , the MI between θ and x PMU is given by
where H(θ|x conv ) is the measure of uncertainty (entropy) of θ given x conv . H(θ|x PMU (S), x conv ) is defined similarly. For sake of brevity, we neglect conventional measurements x conv .
In [12] , the system states θ were modeled as the Gaussian Markov random field (GMRF), for which the conditional entropy H(θ|x PMU (S)) is given by
where det and Cov denote determinant and covariance, respectively; N is the number of buses and δ is the quantization parameter.θ is the minimum mean square error (MMSE) estimate of θ, given x PMU (S).
In [12] , it is claimed that, since H(θ) is fixed, the maximization of MI given by (14) is equivalent to minimization of the state estimation error given by log det Cov θ −θ . This is central to the analysis and results presented there. However, this equivalence was not mathematically proved. In fact, it was shown in [26] that MI and MMSE satisfy the following relationship for any distribution:
where SNR is the signal-to-noise ratio. Therefore, given that (16) was rigorously proved in [26] , the work presented in [12] needs to be revisited.
V. CONCLUSION
In this paper, we revisited the PMU placement problem, but from the perspective of the electrical structure of the power network. The binary connectivity matrix used in the integer linear program formulation was derived using the resistance distance, which takes into account the underlying physical laws, namely, Ohm's and Kirchoff's. The problem formulated in this manner was tested on several standard IEEE test bus systems for complete network observability without zero injection measurements. The main result of the paper was that more number of PMUs were needed compared with those obtained using the topological structure of the network. However, given that the electrical structure provides a more comprehensive description of interconnections between components in the power network, our results promotes a realistic perspective of PMU placement in electric power systems. We explored the connectivity matrix, obtained using the topological structure, to provide insights into location of PMUs, and suggested avenues to address the placement problem without resorting to the computationally intensive optimization setup.
Future work would involve, among other things, 1) considering incomplete network observability, where the full set of system states (bus voltages) can be determined using lesser number of PMUs than obtained for complete observability. This would involve a study on the influence of the electrical structure on the depth-of-unobservability (first introduced in [4] ); 2) including zero injection measurements, and verify if these measurements affect the optimal placement; and 3) to derive the fundamental principles to establish the connections between the average resistance distance and the graph of the adjacency matrix obtained using the electrical structure of the power grid. Fig. 7 that there are 16 bus locations with λ i = λ min where a PMU has to be installed along with a PMU at bus 1, resulting in a minimum number of 17 PMUs for complete network observability. This is in full agreement with the number obtained by solving (10) , with A = B (see Table I ). Furthermore, this also corroborates with the 16 disconnected points in Fig. 8 plus one fully-connected subgraph.
Similar inferences can be drawn for the 57−bus system whose plots are shown in Fig. 9 and Fig. 8 . 
